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We study the localization property of a two-dimensional noninteracting electron gas in the presence of
randomly distributed short-range scatterers. We evaluate the participation number of the eigenstates
obtained by exact diagonalization technique. At low impurity concentrations we obtain self-averaged
values showing that all states, except those exactly at the Landau level, are localized with finite
localization length. We conclude that there is no universal localization exponent and at least at low
impurity concentrations localization length does not diverge.
PACS numbers: 71.70.Di, 73.40.Hm, 71.23.-k, 72.15.Rn, 71.70.Di, 73.40.Hm
There has been a long lasting interest in understand-
ing the localization problem in two-dimensional (2D) sys-
tems. According to scaling theory of localization [1–4], all
states in a 2D system are localized if a disordered poten-
tial is present. However, in the presence of a strong per-
pendicular magnetic field, where the time reversal sym-
metry is broken, extended states appear in the center of
impurity-broadened Landau bands [5,6]. If the scattering
between Landau levels can be neglected, these extended
states exist only at a single energy [7]. The width of
the quantized plateaus of the integer quantum Hall ef-
fect (QHE) depends on the ratio of number of localized
to extended states [8].
In analogy with the quantum critical phenomena and
other localization transitions, it has been proposed that
localization length ξ(E) diverges as E approaches the
critical energy Ec, which is equal to Landau level energy,
so that
ξ(E) ∝ |E − Ec|−ν (1)
where ν is the localization critical exponent [9]. After
the initial calculations of Aoki and Ando [10–12], sev-
eral groups attempted to determine this critical expo-
nent [13–27]. Experimental results [28–32] are generally
in good agreement with the calculated values. Various
techniques have allowed the computation of the expo-
nent ν, and they strongly suggest a universal value close
to ν = 7/3 for the lowest Landau level (LLL). However, in
spite of a great deal of experimental evidence and numer-
ical simulations in its favor, there is no rigorous deriva-
tion of power law divergence in the localization length.
Furthermore, even if the power law divergence is true, it
is not clear whether the localization critical exponent is
universal, independent of impurity concentration or pa-
rameters of the disordered potential [33].
Recently, we developed a method for a particle in the
LLL moving in an arbitrary potential [34]. In this study
we apply the method, which is basically an exact diago-
nalization technique, to a potential formed by randomly
distributed short-range scatterers. We concentrate on
low impurity concentrations where it is difficult to per-
form calculations by other methods due to the presence
of zero eigenvalues associated with the extended states
at the band center. At low enough concentrations, we
obtain self-averaged values where energy spectrum or lo-
calization property of eigenstates do not change with in-
creasing system size. Contrary to the widely accepted
view, localization length does not diverge at low impu-
rity concentrations but instead the maximum localiza-
tion length grows exponentially with impurity density.
Extrapolation to less pure systems suggests that local-
ization length can become as large as the sizes of the
samples used in QHE experiments which explains the ob-
served divergence in measurements.
The Hamiltonian for a particle of massm and charge q,
moving in 2D in the presence of magnetic fieldB = ∇×A
perpendicular to the plane and potential V , is given by
H = H0 + V where
H0 =
1
2m
(p− q
c
A)2 . (2)
Using the symmetric gauge A = 1
2
B × r and complex
coordinates z = X + iY =
√
qB/2h¯c(x + iy) where r =
(x, y), the unperturbed Hamiltonian can be written as
H0 = h¯ω(a
†a + 1/2) where a† = −∂/∂z + z∗/2. Since
[a, a†] = 1, the energy eigenvalues are given by En =
h¯ω(n + 1/2) where ω = qB/2mc (q is assumed to be
positive) and n= 0, 1, 2, .... When the magnetic field is
very high the particle is confined into the LLL. This is a
good approximation as long as the potential is small in
comparison to Landau level splitting h¯ω. We are going
to measure energies from the LLL so that En = 0.
Now, let us consider the potential
V (z, z∗) = V0
∑
i
δ(z − zi)δ(z∗ − z∗i ) (3)
where zi denotes the position of the ith impurity in com-
plex coordinates defined above. According to our method
[34], to find the nonzero eigenvalues, the matrix to be di-
agonalized is
1
〈i|V˜ |j〉 = V0
pi
exp(ziz
∗
j − |zi|2/2− |zj |2/2) . (4)
Once V˜ is diagonalized, the eigenfunctions ψ(z, z∗) of V
can be constructed from ψ˜i
ψ(z, z∗) =
√
V0
pi2E
∑
i
exp(zz∗i − |z|2/2− |zi|2/2)ψ˜i .
(5)
We distinguish between the extended and the localized
states via participation number P , which is the inverse of
the mean fourth power of the amplitude [35,36]. There-
fore, given a wave function ψ, P is defined as
P =
[
∫ |ψ(r)|2dr]2∫ |ψ(r)|4dr . (6)
The participation number is a convenient quantity for
distinguishing between localized and extended states
since it takes a nonvanishing value for the former and
becomes infinite for the latter. If a state is localized
within a d−dimensional volume of average diameter D,
P behaves as Dd irrespectively of the system size. For a
plane wave it depends on the system size as L as Ld. In
general, extended states lead to an effective dimension-
ality d∗, smaller than the real dimensionality d, which
means that the states are not space-filling [37].
For ψ˜, participation number reduces to P˜ =
1/
∑
i |ψ˜i|4 provided that ψ˜ is normalized. For a state
localized on single impurity P˜ = 1, while for uniform
distribution over Ni impurities P˜ = Ni. Therefore, we
can interpret P˜ as a measure of number of scatterers on
which ψ˜ takes nonzero value. We note that, as can be
seen from Eqn. 5, ψ and ψ˜ have the same localization
behavior, i.e. they are both extended or localized. Al-
though we can evaluate corresponding P , we prefer to use
P˜ to distinguish between localized and extended states.
In this way we get rid of four-fold sums to be performed
for evaluation of P in terms of ψ˜i. We note that for f < 1,
where f is the number of impurities per flux quantum,
there are Ni(1/f − 1) extended states at the center of
the Landau band. However, the behavior given by Eqn.
1 has been proposed for states with E 6= Ec and our
method filters the states with E = Ec.
In Fig. 1, we plot participation number P˜ as a func-
tion of energy measured in units of V0/pi. We keep the
concentration of impurities the same (f = 2/3) and eval-
uate the energy eigenvalues and the eigenfunctions for
different distributions of the scatterers. For this exam-
ple, Ni = 1250 and the number of configurations is 16
so that there are 2 × 104 points in the graph. Figure 1
shows that participation number is direct measure of lo-
calization length. P˜ = 1 states, which are localized on
a single impurity, occur mainly at E = 1 as we expect.
The inset shows the details of the region around E = 1.
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FIG. 1. Participation number P˜ as a function of energy
(measured in units of V0/pi) for f = 2/3, i.e. two impurities
per three flux quanta. There are Ni = 1250 impurities and 16
different distributions are used. The inset shows the details
of the region around E = 1.
Localization around a purely repulsive scattering center
is due to confinement into the LLL. All other states in-
volve at least two scatterers so that P˜ ≥ 2. We use P˜
to decide whether a state is extended or not as follows.
Let us consider Ni impurities distributed in a square so
that their concentration, i.e. number of impurities per
flux quantum, is f . If P˜ >
√
Ni, then ψ˜ is nonvan-
ishing on approximately
√
Ni sites which means that it
may extend from one side of the square to its opposite.
Therefore, we assume that ψ˜ is an extended state. On
the other hand, if P˜ <
√
Ni, then ψ˜ has no chance to be
extended. In this way we obtain the number of extended
states Ne, for a given system composed of Ni impurities.
Although P˜ >
√
Ni, corresponding state can still be lo-
calized. Therefore, Ne is only an upper bound for the
number of extended states. Our definition of extended-
ness become exact if the sites at which ψ˜ is nonvanishing
form straight lines at least in one direction.
Figure 2 shows variation of Ne with Ni for different
impurity concentrations. Each point is obtained in such
a way that number of different configurations times Ni is
105. Straight lines indicate that the two numbers are re-
lated by Ne ∝ Nyi and the inset shows variation of y with
f . We note that y depends upon impurity concentration.
If we assume that the maximum localization length di-
verges as energy E approaches the critical value Ec (see
Eqn. 1), then it is easy to show that ν = 1/2(1− y). The
widely accepted value ν = 7/3 corresponds to y = 11/14
which we obtain at f = 0.97. At lower f values, ν be-
comes lower. However, we must be careful in comparing
our results with the values in the literature since most,
in fact to our knowledge all, of the existing calculations
have been performed at impurity concentrations higher
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FIG. 2. Number of extended states Ne for a given number
of impurities Ni. Linear fitting gives a relation Ne ∝ N
y
i .
Each point is obtained in such a way that the number of
different configurations times Ni is 10
5. The inset shows the
variation of y with impurity concentration f .
than unity. In addition to this, our definition of extend-
edness is somewhat arbitrary. In general, the number of
extended states is less than Ne. Finally, as we are going
to see from the next figure, divergence of the localization
length can merely be an artifact of finite size calculations.
As we go to more dilute systems and perform calcu-
lations in large enough systems a remarkable change oc-
curs. As shown in Fig. 3, Ne no more increases with
Ni but instead decreases and vanishes at the end. For
Ni > N
∗
i there are no extended states. We define N
∗
i as
the number of impurities for whichNe = 1. If we increase
Ni further, we do not get any extended states. This re-
sult is independent of the arbitrariness of our method of
distinguishing between extended and localized states.
At this stage, it is not possible to say whether there
is no localization length divergence for larger concentra-
tions but Fig. 4 gives some idea about the system sizes
to be used if the same result holds in this denser region.
In Fig. 4, we plot N∗i as a function of f . We observe that
N∗i increases exponentially which suggests that for large
enough sizes it may be possible to observe the same be-
havior even for higher concentrations. If this is the case,
then Fig. 2 is only an artifact of finiteness of the systems
that we used in our calculations.
We also performed calculations for the case with equal
number of attractive and repulsive point scatterers. We
observe that there is no qualitative change in our results
as can be seen from the figure. Beyond a certain size
all states are localized and localization length does not
diverge.
It is known that for very clean samples QHE is not
observed [30]. Assuming that each impurity atom corre-
sponds to a single δ-function potential, we evaluate the
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FIG. 3. Number of extended states Ne vs number of im-
purities Ni for f = 2/3. After Ni = N
∗
i = 1598 no extended
states appear.
concentration f but the resulting values (0.01-0.1) are
too small. However, it should be noted that in our model
scatterers are short-ranged while in the experiment op-
posite is true, i.e. disorder potential is smoothly vary-
ing in comparison to the magnetic length. In that case
we can use a correlated disordered potential where sev-
eral δ-functions are used to model the extended potential
created by a single impurity atom. Another point that
should be taken into account before quantitative com-
parison is that at low impurity concentrations electron-
electron interactions become important.
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FIG. 4. Variation of N∗i with f . The upper line is for pure
repulsive case while the lower is obtained for the case with
equal number of attractive and repulsive scattering centers.
In conclusion, at low impurity concentrations we ob-
tain self-averaged values showing that all states, except
those exactly at the Landau level, are localized with finite
localization length. We conclude that the localization
3
exponent is not universal and at least at low impurity
concentrations localization length does not diverge. Our
results suggest that the same behavior can be observed
for higher concentrations. If this is the case then there
is no universal localization exponent, and in contrast to
results of previous theoretical, numerical, and experimen-
tal studies, localization length does not diverge. On the
other hand, if for higher concentrations there is a diver-
gence, the transition between the two regimes is a very
interesting problem to investigate.
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